The purpose of this note is to give a short motivic proof of the Steinberg relation in A 1 -stable homotopy groups over a field k. Throughout this note, we will work in the stable A 1 -homotopy category. For details, see [2] . In the indexing of homotopy, we will use the convention of [1] . This means that
where the base point of G m is 1. Thus, for a space X over k, π k+ α (X) denotes the set of stable A 1 -homotopy classes of maps from S k+ α , which is the smash product of k copies of S 1 and copies of S α , into X. Then there is a map
given as follows: For an element a ∈ k × , we can define a map (a) : S 0 → G m which preserves base points and sends the non-base point to a ∈ G m (k).
It is easy to see that the map (1) is not additive, i.e. we do not in general have (a) + (b) = (a.b). For example, if k ∈ R, the Z/2-equivariant realization (obtained by taking points over C with the analytical topology and Gal(C/R)-action) of (−1) is non-torsion, i.e. in particular
Our main result is the following
Proof: If we identify G m = A 1 − {0}, then we observe that we can map
The geometric idea of our proof is that if we replace G m × G m by G m ∧ G m , the map (3) should extend to A 1 : although for a ∈ {0, 1}, one of the coordinates a, 1 − a is undefined, the other coordinate is the base point. To assert this, we must, however, rigorously consider the A 1 -homotopy category.
We begin by examining the space
Now consider the algebraic variety
(Throughout the note, [S] will denote an affine variety defined by the set of constraints S.) Note that there is a natural map
Lemma 2. The S 1 -suspension Σφ is an A 1 -homotopy equivalence.
Proof: Consider the diagram
where
. The middle row map of the diagram is defined by the same formula (4) as φ. The bottom row map is induced. The middle row map is an equivalence, since both sides are A 1 -contractible. But now we claim that ψ is an isomorphism of Nisnievich sheaves. If so, then the statement of the lemma follows, since the columns of (5) The right hand side is isomorphic to
is isomorphic to
where the first coordinate in (8) corresponds to x in (7) and the second coordinate corresponds to y. However, we can express C as the quotient of the double pushout of
by the pushout of
By general properties of pushouts, the quotient is (6).
Now note that using φ, the map (3) extends to a map
by putting a → (x = a, y = 1 − a, z = −1). Symmetrically, we can define
and a map
and then (3) extends to a map
. Thus, we see that (3) extends to
where the attaching maps on the right hand sides are φ, φ , given by (4), (9).
But now by Lemma 2, Σφ, Σφ are equivalences. Hence, the suspension of the natural map from the double pushout of
to V ∪ (Gm×Gm) W is an equivalence. But (11) is a model for G m ∧ G m . Thus, the statement of the Proposition follows.
